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Target space duality
• Target space duality is a statement, derived from GLSMs, 

that two different heterotic compactifications have the 
same spectrum (and more…)
• How are the two configurations related in terms of target 

space quantities?: 

Example:
XD =


P1 1 0
P4 0 5

�

<latexit sha1_base64="nBCyJ21HI6jNGjl8NknRmlb/3iQ="></latexit>
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<latexit sha1_base64="W4wvdJJFsebnqAQoW/vJrQZJbSo="></latexit>

Calabi-Yau Defining Relations Monad Maps

Distler and Kachru hep-th/9707198, Blumenhagen
hep-th/9707198 and hep-th/9710021, 
Blumenhagen and Rahn 1106.4998, Anderson and 
Feng 1607.04628



• Question: What is the relation between these two 
theories from a space time point of view?

• In this talk we will focus on cases like this one where 
manifolds related by conifolds.

0 !

O(0,�4)
�

O(�1,�5)
!

O(0,�1)�4

�

O(�1, 0)�O(0,�5)
! VR ! 0

<latexit sha1_base64="Q9pSwFATQsnij84aXpDvmBAjLD4="></latexit>

XR =


P1 1 1
P4 1 4

�

<latexit sha1_base64="H+ZsyOd5YftJUImYr2gEtK8dbNU="></latexit>

is target space dual to:



• The transition of the geometry:

XR =


P1 1 1
P4 1 4

�

<latexit sha1_base64="H+ZsyOd5YftJUImYr2gEtK8dbNU="></latexit>

XD =
⇥
P4 5

⇤

<latexit sha1_base64="dx2Nc5ib+JF7nHP2yxuliLLAmV0="></latexit>

X0 =
⇥
P4 5

⇤

<latexit sha1_base64="9YdXWBsfOqPt5twVeDj/zv6umiQ="></latexit>

Smooth quintic

Nodal quintic

Deform complex 
structure

Blow up singular points 
of nodal quintic with 
(16) P1s

<latexit sha1_base64="TqwhU/6sLb61KgFK8CwKuUiM9xc=">AAAB9HicbVDLSgMxFL1TX7W+qi7dBIvgqsxIRZdFNy4r2Ae0Y8mkmTY0k4xJplCGfocbF4q49WPc+Tdm2llo64HA4Zx7uScniDnTxnW/ncLa+sbmVnG7tLO7t39QPjxqaZkoQptEcqk6AdaUM0GbhhlOO7GiOAo4bQfj28xvT6jSTIoHM42pH+GhYCEj2FjJ70XYjIIgbcwePd0vV9yqOwdaJV5OKpCj0S9/9QaSJBEVhnCsdddzY+OnWBlGOJ2VeommMSZjPKRdSwWOqPbTeegZOrPKAIVS2ScMmqu/N1IcaT2NAjuZhdTLXib+53UTE177KRNxYqggi0NhwpGRKGsADZiixPCpJZgoZrMiMsIKE2N7KtkSvOUvr5LWRdWrVS/va5X6TV5HEU7gFM7Bgyuowx00oAkEnuAZXuHNmTgvzrvzsRgtOPnOMfyB8/kDwB6SGA==</latexit>



The rough process:
• Start on the resolution side for example:

XR =


P1 1 1
P4 1 4

�

<latexit sha1_base64="H+ZsyOd5YftJUImYr2gEtK8dbNU="></latexit>

XD =
⇥
P4 5

⇤

<latexit sha1_base64="dx2Nc5ib+JF7nHP2yxuliLLAmV0="></latexit>

VD

<latexit sha1_base64="We+8nCpxi3PbEmrYz/O0LtclDDc=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0WNRDx4r2g9oQ9lsN+3SzSbsToQS+hO8eFDEq7/Im//GbZuDtj4YeLw3w8y8IJHCoOt+O4WV1bX1jeJmaWt7Z3evvH/QNHGqGW+wWMa6HVDDpVC8gQIlbyea0yiQvBWMbqZ+64lrI2L1iOOE+xEdKBEKRtFKD83eba9ccavuDGSZeDmpQI56r/zV7ccsjbhCJqkxHc9N0M+oRsEkn5S6qeEJZSM64B1LFY248bPZqRNyYpU+CWNtSyGZqb8nMhoZM44C2xlRHJpFbyr+53VSDK/8TKgkRa7YfFGYSoIxmf5N+kJzhnJsCWVa2FsJG1JNGdp0SjYEb/HlZdI8q3rn1Yv780rtOo+jCEdwDKfgwSXU4A7q0AAGA3iGV3hzpPPivDsf89aCk88cwh84nz/3OY2Z</latexit>

VR

<latexit sha1_base64="Lz0euBMGbsMXdk4qja5/fPDh+c0=">AAAB6nicbVDLSgNBEOyNrxhfUY9eBoPgKeyKosegF4/xkQckS5id9CZDZmeXmVkhLPkELx4U8eoXefNvnCR70MSChqKqm+6uIBFcG9f9dgorq2vrG8XN0tb2zu5eef+gqeNUMWywWMSqHVCNgktsGG4EthOFNAoEtoLRzdRvPaHSPJaPZpygH9GB5CFn1Fjpodm775UrbtWdgSwTLycVyFHvlb+6/ZilEUrDBNW647mJ8TOqDGcCJ6VuqjGhbEQH2LFU0gi1n81OnZATq/RJGCtb0pCZ+nsio5HW4yiwnRE1Q73oTcX/vE5qwis/4zJJDUo2XxSmgpiYTP8mfa6QGTG2hDLF7a2EDamizNh0SjYEb/HlZdI8q3rn1Yu780rtOo+jCEdwDKfgwSXU4Bbq0AAGA3iGV3hzhPPivDsf89aCk88cwh84nz8MgI2n</latexit>

X0 =
⇥
P4 5

⇤

<latexit sha1_base64="9YdXWBsfOqPt5twVeDj/zv6umiQ="></latexit>

supersymmetric pair 
creation process of branes
(really sheaves) in the gauge 
and gravitational sectors

Sheaves are absorbed via small 
instanton transitions into the gauge 
and cotangent bundles to take us 
to new configuration



Small Instanton Transitions (SITs)
• As we have said, small instanton transitions are going to 

play a key roll.
• How do we describe small instanton transitions 

mathematically?:

• By brute force recombining resolutions of sheaves over 
curves and bundles (we have this for everything I am 
going to show you).

• Or by using (deformations of) Hecke transforms:

0 ! V ! V0 ! Fc ! 0

<latexit sha1_base64="R+eU0fdNuZe0+dhNE9qsoTEQSko=">AAACBnicbVDLSgMxFL3js9bXqEsRgkVwVWakosuiIC4r2Ae0w5BJM21oJjMkGaEMXbnxV9y4UMSt3+DOvzHtzEJbDyQ5OedeknuChDOlHefbWlpeWV1bL22UN7e2d3btvf2WilNJaJPEPJadACvKmaBNzTSnnURSHAWctoPR9dRvP1CpWCzu9TihXoQHgoWMYG0k3z5yUE/HqJXvfn678cnsdHy74lSdGdAicQtSgQIN3/7q9WOSRlRowrFSXddJtJdhqRnhdFLupYommIzwgHYNFTiiystmY0zQiVH6KIylWUKjmfq7I8ORUuMoMJUR1kM1703F/7xuqsNLL2MiSTUVJH8oTDkyI04zQX0mKdF8bAgmkpm/IjLEEhNtkiubENz5kRdJ66zq1qrnd7VK/aqIowSHcAyn4MIF1OEWGtAEAo/wDK/wZj1ZL9a79ZGXLllFzwH8gfX5A0IQlnQ=</latexit>

Aspinwall, Donagi hep-
th/9806094 and Ovrut, 
Pantev, Park hep-th/00011330 ! V ! V0 �O ! Fc ! 0

<latexit sha1_base64="KMG/Pm8rnfSw2mKoKj7mF5JKARs=">AAACFnicbVBNS8MwGE7n15xfVY9egkPw4mhlosehIN6c4D5gLSXN0i0sTUqSCqPsV3jxr3jxoIhX8ea/Met60M0Hkjx5nvcleZ8wYVRpx/m2SkvLK6tr5fXKxubW9o69u9dWIpWYtLBgQnZDpAijnLQ01Yx0E0lQHDLSCUdXU7/zQKSigt/rcUL8GA04jShG2kiBfeJATwvYnu2BuYmEpQpmHkYM3k5y/TrA+ekEdtWpOTngInELUgUFmoH95fUFTmPCNWZIqZ7rJNrPkNQUMzKpeKkiCcIjNCA9QzmKifKzfKwJPDJKH0ZCmsU1zNXfHRmKlRrHoamMkR6qeW8q/uf1Uh1d+BnlSaoJx7OHopRBM+I0I9inkmDNxoYgLKn5K8RDJBHWJsmKCcGdH3mRtE9rbr12dlevNi6LOMrgAByCY+CCc9AAN6AJWgCDR/AMXsGb9WS9WO/Wx6y0ZBU9++APrM8fE2+c1g==</latexit>



The Cotangent Bundles
• We will work on the resolution side of the conifold (so we 

can see the      s explicitly).
• We will see a transition between bundles here but it isn’t 

really linked to the geometry. That only happens in the 
singular limit.

Hecke Transform approach:

P1

<latexit sha1_base64="+x0YWt/KpZIapMWVV8Ir/v6YtIM=">AAAB83icbVDLSgMxFL2pr1pfVZdugkVwVWakosuiG5cV7AM6Y8mkmTY0kxmSjFCG/oYbF4q49Wfc+Tdm2llo64HA4Zx7uScnSATXxnG+UWltfWNzq7xd2dnd2z+oHh51dJwqyto0FrHqBUQzwSVrG24E6yWKkSgQrBtMbnO/+8SU5rF8MNOE+REZSR5ySoyVPC8iZhwEWWv26A6qNafuzIFXiVuQGhRoDapf3jCmacSkoYJo3XedxPgZUYZTwWYVL9UsIXRCRqxvqSQR0342zzzDZ1YZ4jBW9kmD5+rvjYxEWk+jwE7mGfWyl4v/ef3UhNd+xmWSGibp4lCYCmxinBeAh1wxasTUEkIVt1kxHRNFqLE1VWwJ7vKXV0nnou426pf3jVrzpqijDCdwCufgwhU04Q5a0AYKCTzDK7yhFL2gd/SxGC2hYucY/gB9/gDoKJGb</latexit>

0 ! f⇤⌦X0 ! ⌦XR ! OP1s(�2, 0) ! 0

<latexit sha1_base64="opeEoZM9hp/R8XHqvNFDLYXAJZw="></latexit>

You can view               as being created when a curve like 
instanton is absorbed onto          .

f⇤⌦X0

<latexit sha1_base64="rQZqs+3Aw58mVHJWBeqsTrqlADY=">AAAB+XicdVBNS8NAEN3Ur1q/oh69LBZBPISkxrbeil68WcHWQhvDZrtpl+4mYXdTKKH/xIsHRbz6T7z5b9y0FVT0wcDjvRlm5gUJo1LZ9odRWFpeWV0rrpc2Nre2d8zdvbaMU4FJC8csFp0AScJoRFqKKkY6iSCIB4zcBaPL3L8bEyFpHN2qSUI8jgYRDSlGSku+aYb3J7B3zckA+VnHt6e+Wbat83q14lahbdl2zak4OanU3FMXOlrJUQYLNH3zvdePccpJpDBDUnYdO1FehoSimJFpqZdKkiA8QgPS1TRCnEgvm10+hUda6cMwFroiBWfq94kMcSknPNCdHKmh/O3l4l9eN1Vh3ctolKSKRHi+KEwZVDHMY4B9KghWbKIJwoLqWyEeIoGw0mGVdAhfn8L/SbtiOa51duOWGxeLOIrgAByCY+CAGmiAK9AELYDBGDyAJ/BsZMaj8WK8zlsLxmJmH/yA8fYJzQaTJg==</latexit>

⌦XR

<latexit sha1_base64="MH+Yyr5PD8Lo93KFlLF9OxXJRH0=">AAAB83icdVDLSsNAFJ34rPVVdelmsAiuQhJjW3dFN+6sYh/QhDCZTtqhk0mYmQgl9DfcuFDErT/jzr9x0lZQ0QMXDufcy733hCmjUlnWh7G0vLK6tl7aKG9ube/sVvb2OzLJBCZtnLBE9EIkCaOctBVVjPRSQVAcMtINx5eF370nQtKE36lJSvwYDTmNKEZKS553HZMhCvJecDsNKlXLPG/UHLcGLdOy6rZjF8Spu6cutLVSoAoWaAWVd2+Q4CwmXGGGpOzbVqr8HAlFMSPTspdJkiI8RkPS15SjmEg/n908hcdaGcAoEbq4gjP1+0SOYikncag7Y6RG8rdXiH95/UxFDT+nPM0U4Xi+KMoYVAksAoADKghWbKIJwoLqWyEeIYGw0jGVdQhfn8L/Sccxbdc8u3GrzYtFHCVwCI7ACbBBHTTBFWiBNsAgBQ/gCTwbmfFovBiv89YlYzFzAH7AePsETNKR4Q==</latexit>



The Gauge bundles
• So it may seem we now just have to put                                

into the gauge bundle some how! 
• The trouble is that the map you require to make the 

appropriate transition occur doesn’t exist:

• Lets look at the gauge bundles in more detail to see 
more precisely what the proposal is and the details of 
how the system fixes it.

OP1s(�2, 0)

<latexit sha1_base64="bs88pDUFQ+2Ml99/iLnugtRMHNk=">AAACCHicbVDLSsNAFJ3UV62vqEsXDhahgpakVHRZdOPOCvYBTQyT6bQOnUzCzEQoIUs3/oobF4q49RPc+TdO2iy09cCFwzn3cu89fsSoVJb1bRQWFpeWV4qrpbX1jc0tc3unLcNYYNLCIQtF10eSMMpJS1HFSDcSBAU+Ix1/dJn5nQciJA35rRpHxA3QkNMBxUhpyTP3EwcjBq9TL3ECpO59P2mmd7ZMKye1Y+sIembZqloTwHli56QMcjQ988vphzgOCFeYISl7thUpN0FCUcxIWnJiSSKER2hIeppyFBDpJpNHUniolT4chEIXV3Ci/p5IUCDlOPB1Z3asnPUy8T+vF6vBuZtQHsWKcDxdNIgZVCHMUoF9KghWbKwJwoLqWyG+RwJhpbMr6RDs2ZfnSbtWtevV05t6uXGRx1EEe+AAVIANzkADXIEmaAEMHsEzeAVvxpPxYrwbH9PWgpHP7II/MD5/AKzLmHM=</latexit>

0 ! V ! VR ! OP1s(�2, 0) ! 0

<latexit sha1_base64="xHysyvrmctKTod5SAe2davWsPME=">AAACIXicbVDLSgMxFM3UV62vUZdugkWooGWmVOyy6MadVewDOuOQSdM2NPMgyQhlmF9x46+4caFId+LPmJnOQlsvJDmcey6557gho0IaxpdWWFldW98obpa2tnd29/T9g44IIo5JGwcs4D0XCcKoT9qSSkZ6ISfIcxnpupPrtN99IlzQwH+Q05DYHhr5dEgxkopy9IYBLRnAzvx27rM3tjBi8DZxYstDcuy6cSt5NEVSOa+dGaeZxHD0slE1soLLwMxBGeTVcvSZNQhw5BFfYoaE6JtGKO0YcUkxI0nJigQJEZ6gEekr6COPCDvOHCbwRDEDOAy4Or6EGft7IkaeEFPPVcp0Y7HYS8n/ev1IDht2TP0wksTH84+GEYPKYhoXHFBOsGRTBRDmVO0K8RhxhKUKtaRCMBctL4NOrWrWqxd39XLzKo+jCI7AMagAE1yCJrgBLdAGGDyDV/AOPrQX7U371GZzaUHLZw7Bn9K+fwAg2KEG</latexit>

This map is zero.



• The gauge bundles in these target space dual examples 
always admit rank changing small instanton transitions to 
emit sheaves associated to rather specific curves.

0 ! O(0,�4) ! O(0,�1)4 ! Vs ! 0

<latexit sha1_base64="cnvIMX5pAdImWW3aviTSaklPJHo=">AAACInicbZDLSsNAFIYn9VbrLerSzWARWtCSSETdFd24s4K9QBPDZDpph04uzEyEEvosbnwVNy4UdSX4ME7SLmzrDwM/3zmHM+f3YkaFNIxvrbC0vLK6VlwvbWxube/ou3stESUckyaOWMQ7HhKE0ZA0JZWMdGJOUOAx0vaG11m9/Ui4oFF4L0cxcQLUD6lPMZIKufqlAW0ZwdTGiMHbMawYxydWdYZlyKw+WDmELVfkxnD1slEzcsFFY05NGUzVcPVPuxfhJCChxAwJ0TWNWDop4pJiRsYlOxEkRniI+qSrbIgCIpw0P3EMjxTpQT/i6oUS5vTvRIoCIUaBpzoDJAdivpbB/2rdRPoXTkrDOJEkxJNFfsKgOjHLC/YoJ1iykTIIc6r+CvEAcYSlSrWkQjDnT140rdOaadXO7qxy/WoaRxEcgENQASY4B3VwAxqgCTB4Ai/gDbxrz9qr9qF9TVoL2nRmH8xI+/kFXjufQg==</latexit>

where CD =
⇥
P4 5 1 4

⇤

<latexit sha1_base64="GooLfqh3eLxQQGwAKaMn+CZenRk="></latexit>

Deformation

0 ! V̂D ! Vs �O ! OCD ! 0

<latexit sha1_base64="nkLV0XFOGiAtCEcBCMLJS+5xaHc=">AAACKXicbVDLSsNAFJ3UV62vqEs3g0VwVRKp6LLYLtxZwaaFJoTJdNIOnWTCzEQoob/jxl9xo6CoW3/EaRpBWw8MnHvOvdy5J0gYlcqyPozSyura+kZ5s7K1vbO7Z+4fOJKnApMO5oyLXoAkYTQmHUUVI71EEBQFjHSDcXPmd++JkJTHd2qSEC9Cw5iGFCOlJd9sWNBVHLojpDJn6rfyyvEldHnCUgkzFyMGb6a5/lP4WdNvzSXLN6tWzcoBl4ldkCoo0PbNF3fAcRqRWGGGpOzbVqK8DAlFMSPTiptKkiA8RkPS1zRGEZFell86hSdaGcCQC/1iBXP190SGIiknUaA7I6RGctGbif95/VSFl15G4yRVJMbzRWHKoD5xFhscUEGwYhNNEBZU/xXiERIIKx1uRYdgL568TJyzml2vnd/Wq42rIo4yOALH4BTY4AI0wDVogw7A4AE8gVfwZjwaz8a78TlvLRnFzCH4A+PrG+Z1pTM=</latexit>

and

Deformation side:

VD �! V̂D

<latexit sha1_base64="kEO/Bg+ymetM3zr/EApXRzqz6p0=">AAACBnicbVA9SwNBEN3zM8avqKUIi0GwCncS0TJoCssI5gNy4djbbJIle7vH7pwSjlQ2/hUbC0Vs/Q12/hs3yRWa+GDg8d4MM/PCWHADrvvtLC2vrK6t5zbym1vbO7uFvf2GUYmmrE6VULoVEsMEl6wOHARrxZqRKBSsGQ6vJ37znmnDlbyDUcw6EelL3uOUgJWCwlEjqGJfKNnXvD8AorV6wP6AQNoYB9WgUHRL7hR4kXgZKaIMtaDw5XcVTSImgQpiTNtzY+ikRAOngo3zfmJYTOiQ9FnbUkkiZjrp9I0xPrFKF/eUtiUBT9XfEymJjBlFoe2MCAzMvDcR//PaCfQuOymXcQJM0tmiXiIwKDzJBHe5ZhTEyBJCNbe3YjogmlCwyeVtCN78y4ukcVbyyqXz23KxcpXFkUOH6BidIg9doAq6QTVURxQ9omf0it6cJ+fFeXc+Zq1LTjZzgP7A+fwBIcqY7Q==</latexit>



where

• The two curves        and        are special in that they both 
become divisors in certain limits where we approach the nodal 
quintic! (we will come back to this later). 
• They are also built out of the bits of the gauge bundle that 

played an active role in target space duality
• The “spectator bundles” will do nothing throughout this 

process (                                                              ). 

CR =


P1 1 1 1 0
P4 1 4 0 5

�

<latexit sha1_base64="KUfMmmtqPfX4kkOYv+zP7dLKMF8="></latexit>

0 ! V̂R ! Vs �O ! OCR ! 0

<latexit sha1_base64="0LBLLbZsvSN0SpECLGzSy/ErXDk=">AAACKXicbVDLSsNAFJ3UV62vqEs3g0VwVRKp6LLYjTtrsWmhCWEynbRDJ5kwMxFK6O+48VfcKCjq1h9xmkbQ1gMD555zL3fuCRJGpbKsD6O0srq2vlHerGxt7+zumfsHjuSpwKSDOeOiFyBJGI1JR1HFSC8RBEUBI91g3Jz53XsiJOXxnZokxIvQMKYhxUhpyTcbFnQVh+4IqcyZ+u28cnwJXZ6wVMLMxYjBm2mu/xR+1vTbc8nyzapVs3LAZWIXpAoKtHzzxR1wnEYkVpghKfu2lSgvQ0JRzMi04qaSJAiP0ZD0NY1RRKSX5ZdO4YlWBjDkQr9YwVz9PZGhSMpJFOjOCKmRXPRm4n9eP1XhpZfROEkVifF8UZgyqE+cxQYHVBCs2EQThAXVf4V4hATCSodb0SHYiycvE+esZtdr57f1auOqiKMMjsAxOAU2uAANcA1aoAMweABP4BW8GY/Gs/FufM5bS0Yxcwj+wPj6BhQEpU8=</latexit>

Deformation

Resolution side:

CD

<latexit sha1_base64="viahhU20Y/BuKyO4L6dqLAjCuvM=">AAAB6nicbVDLSgNBEOyNrxhfUY9eBoPgKexKRI/BePAY0TwgWcLspDcZMju7zMwKIeQTvHhQxKtf5M2/cZLsQRMLGoqqbrq7gkRwbVz328mtrW9sbuW3Czu7e/sHxcOjpo5TxbDBYhGrdkA1Ci6xYbgR2E4U0igQ2ApGtZnfekKleSwfzThBP6IDyUPOqLHSQ6132yuW3LI7B1klXkZKkKHeK351+zFLI5SGCap1x3MT40+oMpwJnBa6qcaEshEdYMdSSSPU/mR+6pScWaVPwljZkobM1d8TExppPY4C2xlRM9TL3kz8z+ukJrz2J1wmqUHJFovCVBATk9nfpM8VMiPGllCmuL2VsCFVlBmbTsGG4C2/vEqaF2WvUr68r5SqN1kceTiBUzgHD66gCndQhwYwGMAzvMKbI5wX5935WLTmnGzmGP7A+fwB2keNhg==</latexit>

CR

<latexit sha1_base64="RzDwrgRNBuYkNIgB9koA2pt3Tbk=">AAAB6nicbVDLTgJBEOzFF+IL9ehlIjHxRHYNRo9ELh7xwSOBDZkdZmHC7OxmpteEED7BiweN8eoXefNvHGAPClbSSaWqO91dQSKFQdf9dnJr6xubW/ntws7u3v5B8fCoaeJUM95gsYx1O6CGS6F4AwVK3k40p1EgeSsY1WZ+64lrI2L1iOOE+xEdKBEKRtFKD7Xefa9YcsvuHGSVeBkpQYZ6r/jV7ccsjbhCJqkxHc9N0J9QjYJJPi10U8MTykZ0wDuWKhpx40/mp07JmVX6JIy1LYVkrv6emNDImHEU2M6I4tAsezPxP6+TYnjtT4RKUuSKLRaFqSQYk9nfpC80ZyjHllCmhb2VsCHVlKFNp2BD8JZfXiXNi7JXKV/eVUrVmyyOPJzAKZyDB1dQhVuoQwMYDOAZXuHNkc6L8+58LFpzTjZzDH/gfP4A73+NlA==</latexit>

Candelas, de la Ossa, He and Szendroi 0706.3134

VR �! V̂R

<latexit sha1_base64="MbRH347POkw5xvP7u+cjJMElAqw=">AAACBnicbVDLSgNBEJz1GeMr6lGEwSB4CrsS0WPQi8cYzAOyyzI7mSRDZmeWmV4lLDl58Ve8eFDEq9/gzb9x8jhoYkFDUdVNd1eUCG7Adb+dpeWV1bX13EZ+c2t7Z7ewt98wKtWU1akSSrciYpjgktWBg2CtRDMSR4I1o8H12G/eM224kncwTFgQk57kXU4JWCksHDXCGvaFkj3Ne30gWqsH7PcJZI1RWAsLRbfkToAXiTcjRTRDNSx8+R1F05hJoIIY0/bcBIKMaOBUsFHeTw1LCB2QHmtbKknMTJBN3hjhE6t0cFdpWxLwRP09kZHYmGEc2c6YQN/Me2PxP6+dQvcyyLhMUmCSThd1U4FB4XEmuMM1oyCGlhCqub0V0z7RhIJNLm9D8OZfXiSNs5JXLp3flouVq1kcOXSIjtEp8tAFqqAbVEV1RNEjekav6M15cl6cd+dj2rrkzGYO0B84nz9NppkJ</latexit>



So – the process at the level of 
classes:



c2(f
⇤⌦X0) = c2(VD)

<latexit sha1_base64="UzyJwMm8VBgheOPza09K/8u3vFo="></latexit>

c2(⌦XR) +
⇥
P1s

⇤
= c2(VR) +

⇥
P1s

⇤

<latexit sha1_base64="eHK3SgXjqM+d3jVo508a+L0IKMI="></latexit>

c2(⌦XR) = c2(VR)

<latexit sha1_base64="y781YqxqyjE52PhTGWRc1aRjaY4=">AAACInicbVBNSwMxFMz6bf2qevQSLEK9lF1R1IMgevFmLbYW2rJk09caTLJL8lYsS3+LF/+KFw+KehL8Maa1B60OBIaZeby8iRIpLPr+hzcxOTU9Mzs3n1tYXFpeya+u1WycGg5VHsvY1CNmQQoNVRQooZ4YYCqScBXdnA78q1swVsT6EnsJtBTratERnKGTwvxhE+EOdWwUkxnvhzu0SJvnCroszOphpb9Nj+h4pFgLK9s0zBf8kj8E/UuCESmQEcph/q3ZjnmqQCOXzNpG4CfYyphBwSX0c83UQsL4DetCw1HNFNhWNjyxT7ec0qad2LinkQ7VnxMZU9b2VOSSiuG1HfcG4n9eI8XOQSsTOkkRNP9e1EklxZgO+qJtYYCj7DnCuBHur5RfM8M4ulZzroRg/OS/pLZTCnZLexe7heOTUR1zZINskiIJyD45JmekTKqEk3vySJ7Ji/fgPXmv3vt3dMIbzayTX/A+vwD0XKNE</latexit>

c2(f
⇤⌦X0) = c2(Vs) + [cR] +

⇥
P1s

⇤

<latexit sha1_base64="l5PJNgeDFxDEkcUwMTQ9pnhMWkM="></latexit>

c2(f
⇤⌦X0) = c2(Vs) + [cD]

<latexit sha1_base64="mDnKju051JSSkuyBn+SB4LAU9Bg="></latexit>

Pair create curve supported sheavesPair create curve supported sheaves

SIT in cotangent bundle SIT in gauge bundle

“Brane” recombination

SIT in gauge bundle



• At level of classes this works great…
• … but the problem is you can’t recombine the five brane-

like sheaves…
• … and if you can’t recombine them they can not be 

properly absorbed back in to the spectator bundle via a 
small instanton transition.

• Fortunately the system knows how to solve this. The 
transition really takes place at the nodal point in moduli 
space, and there recall that our curves deform to 
become divisors.



“Brane (really sheaf) recombination”
• We want to write a sequence

you need those strange twists for the Chern classes to 
work out. This looks wrong for the central sheaf, we will 
discuss this more shortly.
• But computation shows

and the        Supported sheaf cant be absorbed into the 
bundle unless it is recombined with something.

P1

<latexit sha1_base64="+x0YWt/KpZIapMWVV8Ir/v6YtIM=">AAAB83icbVDLSgMxFL2pr1pfVZdugkVwVWakosuiG5cV7AM6Y8mkmTY0kxmSjFCG/oYbF4q49Wfc+Tdm2llo64HA4Zx7uScnSATXxnG+UWltfWNzq7xd2dnd2z+oHh51dJwqyto0FrHqBUQzwSVrG24E6yWKkSgQrBtMbnO/+8SU5rF8MNOE+REZSR5ySoyVPC8iZhwEWWv26A6qNafuzIFXiVuQGhRoDapf3jCmacSkoYJo3XedxPgZUYZTwWYVL9UsIXRCRqxvqSQR0342zzzDZ1YZ4jBW9kmD5+rvjYxEWk+jwE7mGfWyl4v/ef3UhNd+xmWSGibp4lCYCmxinBeAh1wxasTUEkIVt1kxHRNFqLE1VWwJ7vKXV0nnou426pf3jVrzpqijDCdwCufgwhU04Q5a0AYKCTzDK7yhFL2gd/SxGC2hYucY/gB9/gDoKJGb</latexit>

0 ! OP1s(�2, 0) ! OcD (�1, 0) ! OcR ! 0

<latexit sha1_base64="xj6nGA3YvP3/WC9GAbBV3jtjKAE=">AAACP3icbVBLSwMxGMzWV62vqkcvwSJUsCVbKnos6sGbVewDunXJptk2NPsgyQpl2X/mxb/gzasXD4p49Wba7sG2DgSGme/jy4wTciYVQq9GZml5ZXUtu57b2Nza3snv7jVlEAlCGyTggWg7WFLOfNpQTHHaDgXFnsNpyxlejv3WIxWSBf69GoW06+G+z1xGsNKSnW8iaKkAxhbBHN4kdmx5WA0cJ64nD6ZMYLFUOUHHsyPEvk qKJVPrcN64SyYSsvMFVEYTwEVipqQAUtTt/IvVC0jkUV8RjqXsmChU3RgLxQinSc6KJA0xGeI+7WjqY4/KbjzJn8AjrfSgGwj9fAUn6t+NGHtSjjxHT47TyXlvLP7ndSLlnndj5oeRoj6ZHnIjDnXEcZmwxwQlio80wUQw/VdIBlhgonTlOV2COR95kTQrZbNaPr2tFmoXaR1ZcAAOQRGY4AzUwDWogwYg4Am8gQ/waTwb78aX8T0dzRjpzj6YgfHzCw0crI4=</latexit>

Ext1(OcR ,OP1s(�2, 0)) = 0

<latexit sha1_base64="xti4eDGDQ/xCSCufkE7UzsSw5PM="></latexit>



• However, in the limit associated to the singular manifold 
where the curves become divisors we have.

• However we now have                        on        which is a 
twist of what we wanted:          .          
• But to complete the transition you must deform back to 

the smooth quintic. Then:

Now a divisor.

Ext1(OcR ,OP1s(�2, 0))

<latexit sha1_base64="YNIoV4q6HphhaZnG+QEgmTN7POA="></latexit>

= Ext1(O,O(�2, 0)) = C

<latexit sha1_base64="JcOQTcyZibX+iM8dIWZh42Z+eHM="></latexit>

OCD (�1, 0)

<latexit sha1_base64="sC/ojaUsw2FxWiflwEAQ4TiOkVE=">AAAB/nicbVDLSgNBEOyNrxhfq+LJy2AQImjYlYgeg/HgzQjmAcmyzE4myZDZBzOzQlgW/BUvHhTx6nd482+cJHvQxIKGoqqb7i4v4kwqy/o2ckvLK6tr+fXCxubW9o65u9eUYSwIbZCQh6LtYUk5C2hDMcVpOxIU+x6nLW9Um/itRyokC4MHNY6o4+NBwPqMYKUl1zxIugRzdJe6Sc29SVHpzD61TlyzaJWtKdAisTNShAx11/zq9kIS+zRQhGMpO7YVKSfBQjHCaVroxpJGmIzwgHY0DbBPpZNMz0/RsVZ6qB8KXYFCU/X3RIJ9Kce+pzt9rIZy3puI/3mdWPWvnIQFUaxoQGaL+jFHKkSTLFCPCUoUH2uCiWD6VkSGWGCidGIFHYI9//IiaZ6X7Ur54r5SrF5nceThEI6gBDZcQhVuoQ4NIJDAM7zCm/FkvBjvxsesNWdkM/vwB8bnD3sRk+A=</latexit>

OCD

<latexit sha1_base64="ja3VBzWlxhrOgEwY1xk1140HNxA=">AAAB9XicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkosdiPXizgv2ANobNdtMu3WzC7kYpIf/DiwdFvPpfvPlv3LY5aOuDgcd7M8zM82POlLbtb6uwsrq2vlHcLG1t7+zulfcP2ipKJKEtEvFIdn2sKGeCtjTTnHZjSXHoc9rxx42p33mkUrFI3OtJTN0QDwULGMHaSA9pn2CObjMvbXjXmVeu2FV7BrRMnJxUIEfTK3/1BxFJQio04VipnmPH2k2x1IxwmpX6iaIxJmM8pD1DBQ6pctPZ1Rk6McoABZE0JTSaqb8nUhwqNQl90xliPVKL3lT8z+slOrh0UybiRFNB5ouChCMdoWkEaMAkJZpPDMFEMnMrIiMsMdEmqJIJwVl8eZm0z6pOrXp+V6vUr/I4inAEx3AKDlxAHW6gCS0gIOEZXuHNerJerHfrY95asPKZQ/gD6/MHEoaSPg==</latexit>

X0

<latexit sha1_base64="ftwycriwL1kdHAB1ZlIUchbCJdc=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkoseiF48V7Qe0oWy2k3bpZhN2N0IJ/QlePCji1V/kzX/jts1BWx8MPN6bYWZekAiujet+O4W19Y3NreJ2aWd3b/+gfHjU0nGqGDZZLGLVCahGwSU2DTcCO4lCGgUC28H4dua3n1BpHstHM0nQj+hQ8pAzaqz00Om7/XLFrbpzkFXi5aQCORr98ldvELM0QmmYoFp3PTcxfkaV4UzgtNRLNSaUjekQu5ZKGqH2s/mpU3JmlQEJY2VLGjJXf09kNNJ6EgW2M6JmpJe9mfif101NeO1nXCapQckWi8JUEBOT2d9kwBUyIyaWUKa4vZWwEVWUGZtOyYbgLb+8SloXVa9WvbyvVeo3eRxFOIFTOAcPrqAOd9CAJjAYwjO8wpsjnBfn3flYtBacfOYY/sD5/AHb9Y2H</latexit>

OCD (�1, 0) ! OCD

<latexit sha1_base64="TBuhduOarEib6NMHER3285sDvms=">AAACEXicbVDLSsNAFJ3UV62vqEs3g0WooCWRii6LdeHOCvYBTQiT6aQdOpmEmYlQQn7Bjb/ixoUibt2582+ctlnY6oGBwzn3cuccP2ZUKsv6NgpLyyura8X10sbm1vaOubvXllEiMGnhiEWi6yNJGOWkpahipBsLgkKfkY4/akz8zgMRkkb8Xo1j4oZowGlAMVJa8sxK6mDE4G3mpQ3vOoOVU/vEOoaOiuC845llq2pNAf8SOydlkKPpmV9OP8JJSLjCDEnZs61YuSkSimJGspKTSBIjPEID0tOUo5BIN50myuCRVvowiIR+XMGp+nsjRaGU49DXkyFSQ7noTcT/vF6igks3pTxOFOF4dihIGNR5J/XAPhUEKzbWBGFB9V8hHiKBsNIllnQJ9mLkv6R9VrVr1fO7Wrl+lddRBAfgEFSADS5AHdyAJmgBDB7BM3gFb8aT8WK8Gx+z0YKR7+yDORifPxNTm00=</latexit>



Moduli
• Given that this is the process, why do the moduli (for 

example) of the theory match?
• The moduli of the Hecke transform for one of the gauge 

bundles:

(the change in the moduli under deformation to the 
smooth bundle is understood)

�Ext1(IC , Vs)�H
0(C,NC)

<latexit sha1_base64="i7lJySjHeROUugccuY2TbPu2Mb8="></latexit>

Ext1(V, V ) = H
1(Vs ⌦ V

_
s )� Ext1(Vs, IC)

<latexit sha1_base64="6US304lnz+9bqeTzfeJ4XgkTiIo="></latexit>



Moduli
• Given that this is the process, why do the moduli (for 

example) of the theory match?
• The moduli of the Hecke transform for one of the gauge 

bundles:

(the change in the moduli under deformation to the 
smooth bundle is understood)

�Ext1(IC , Vs)�H
0(C,NC)

<latexit sha1_base64="i7lJySjHeROUugccuY2TbPu2Mb8="></latexit>

Stay the same on the two sides of the conifold

Ext1(V, V ) = H
1(Vs ⌦ V

_
s )� Ext1(Vs, IC)

<latexit sha1_base64="6US304lnz+9bqeTzfeJ4XgkTiIo="></latexit>



Moduli
• Given that this is the process, why do the moduli (for 

example) of the theory match?
• The moduli of the Hecke transform for one of the gauge 

bundles:

(the change in the moduli under deformation to the 
smooth bundle is understood)

�Ext1(IC , Vs)�H
0(C,NC)

<latexit sha1_base64="i7lJySjHeROUugccuY2TbPu2Mb8="></latexit>

Changes in exactly the opposite way to the Hodge 
numbers of the manifolds

Ext1(V, V ) = H
1(Vs ⌦ V

_
s )� Ext1(Vs, IC)

<latexit sha1_base64="6US304lnz+9bqeTzfeJ4XgkTiIo="></latexit>



Further Topics

• As a by-product, we now have a new duality between M5-
brane theories (see talk by Callum Brodie).

• We are looking at non-conifold cases (for example flops).

• The pair creation effect we discussed could be studied in 
isolation from target space duality in a simpler setting.

• What can be said using this work about the fate of gauge 
bundles through geometric transitions more generally in 
heterotic string theory?

• How does this alter our view of the moduli space of 
heterotic compactifications?


